
6 Íå÷åòêèå ðàçðåøèìûå ïîäãðóïïû

Îïðåäåëåíèå 6.0.52. Ïóñòü λ è µ � íå÷åòêèå ïîäìíîæåñòâà
ãðóïïû G. Ïóñòü (λ, µ) � íå÷åòêîå ïîäìíîæåñòâî G, îïðåäåëåííàÿ ñëå-
äóþùèì îáðàçîì: ∀x ∈ G,

(λ, µ)(x) =

{
∨{λ(a) ∧ µ(b) | x = [a, b], a, b ∈ G}, åñëè x êîììóòàòîð G
0, â èíîì ñëó÷àå

Êîììóòàòîð λ è µ � íå÷åòêàÿ ïîäãðóïïà [λ, µ] ãðóïïû G, ïîðîæ-
äåííàÿ (λ, µ).

Îïðåäåëåíèå 6.0.53. Ïóñòü λ � íå÷åòêàÿ ïîäãðóïïà ãðóïïû G.
Ðÿä λ = λ(0) ⊇ λ(1) ⊇ . . . ⊇ λ(n) ⊇ . . . íå÷åòêèõ ïîäãðóïï ãðóïïû G
íàçûâàåòñÿ ïðîèçâîäíûì ðÿäîì λ.

Òåîðåìà 6.0.54. Åñëè λ � íîðìàëüíàÿ íå÷åòêàÿ ïîäãðóïïà ãðóïïû
G, òî âñå íå÷åòêèå ïîäãðóïïû â ïðîèçâîäíîì ðÿäó λ ÿâëÿþòñÿ íîðìàëü-
íûìè â G.

Îïðåäåëåíèå 6.0.55. Ïóñòü λ � íå÷åòêàÿ ïîäãðóïïà ãðóïïû G ñ
îêîí÷àíèåì t. Åñëè ïðîèçâîäíûé ðÿä λ = λ(0) ⊇ λ(1) ⊇ . . . ⊇ λ(n) ⊇ . . .
òàêîâ, ÷òî ñóùåñòâóåò íåîòðèöàòåëüíîå öåëîå ÷èñëî m, ÷òî λm = et,
òî λ íàçûâàåòñÿ ðàçðåøèìîé ïîäãðóïïîé.

Òåîðåìà 6.0.56. Ïóñòü H � ïîäãðóïïû ãðóïïû G. Òîãäà H ðàçðå-
øèìà òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìà ïîäãðóïïà 1H .

Ïðèìåð 6.0.57. Ðàññìîòðèì ïðèìåð ðàçðåøèìîé íå÷åòêîé ïîä-
ãðóïïû ñèììåòðè÷åñêîé ãðóïïû S4 íà {1, 2, 3, 4}. Ïóñòü

D4 = ⟨(24), (1234)⟩ =
= {(1), (12)(34), (13)(24), (14)(23), (13), (24), (1234), (1432)}

Òîãäà D4 � ïîäãðóïïà Äèýäðà ãðóïïû S4 ñ öåíòðîì C =
= {(1), (13)(24)}. Ïóñòü λ � íå÷åòêîå ïîäìíîæåñòâî ãðóïïû S4, îïðåäå-
ëåííîå ñëåäóþùèì îáðàçîì:

λ(x) = 1 åñëè x ∈ C,

λ(x) =
1

2
åñëè x ∈ ⟨(1234)⟩\C,

λ(x) =
1

4
åñëè x ∈ D4\⟨(1234)⟩,

λ(x) = 0 åñëè x ∈ S4\D4.

Î÷åâèäíî, λ � íå÷åòêàÿ ïîäãðóïïà ãðóïïû S4. Ñëåäîâàòåëüíî,
íå÷åòêàÿ ïîäãðóïïà λ(1) îïðåäåëåíà ñëåäóþùèì îáðàçîì:

λ(1)((1)) = 1, λ(1)((13)(24)) =
1

4è
λ(1)(x) = 0 åñëè x ∈ S4\C.

Èç ýòîãî ñëåäóåò, ÷òî λ(2) = e1. Òàêèì îáðàçîì, λ � ðàçðåøèìàÿ
íå÷åòêàÿ ïîäãðóïïà ãðóïïû S4.
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Òåîðåìà 6.0.58. Êàæäàÿ íå÷åòêàÿ ïîäãðóïïà ðàçðåøèìîé ãðóïïû
ðàçðåøèìà. Â ÷àñòíîñòè, åñëè ãðóïïà G íå ÿâëÿåòñÿ ðàçðåøèìîé, òî G
èìååò íåòðèâèàëüíóþ íå÷åòêóþ ïîäãðóïïó, êîòîðàÿ íå ÿâëÿåòñÿ ðàçðå-
øèìîé.
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